CENTRALLY SYMMETRICAL FILTRATION OF LIQUID
IN CRACKED POROUS MEDIA WITH A HEMISPHERICAL
SUPPLY CONTOUR
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The motion of a homogeneous liquid in a well with a hemispherical face is studied for the case
of transient, spherically radial filtration in cracked porous media comprising mutually super-
posed hemispherical regions with different crack permeabilities, having a supply contour in
the outer hemispherical region. Using a Laplace integral transformation with respect to the
time variable, the systems of differential equations describing the filtration of liquid in these
media are solved for zero initial and corresponding boundary conditions, Exact solutions are
obtained for the reduction in stratal pressure with time and distance, and also for the changes
taking place in the output of a well operating under conditions of specified face pressure, On
the basis of corresponding numerical ealculations, the influence of the parameters of the cracked
porous strata and the radius of the surface containing the supply contour on the indices of the
production process is established.

1. Formulation of the Problem

An analysis of existing literature relating to well-drilling and the operation of oil wells in sites char-
acterized by cracked porous collectors shows that these sites contain caverns, zones of broken rocks,
and tectonic dislocations which prevent the greater part of their width from being exploited, The width
of the strata, in fact, varies from tens to hundreds of meters [1, 2], so that in a number of cases we may
regard the ratio of the opened region to the total width as a small quantity, and the flow of liquid to the
well as centrally symmetrical, It is accordingly reasonable to assume that the face of the well has a hem-
ispherical shape of radius Ry, (Fig. 1).

Analogous hydrodynamic problems for a granular stratum were solved earlier in an approximate
form [3], or in an exact form for a homogeneous stratum [4]; a number of exact solutions were obtained
in a complex form in [5-7].

In order to solve the corresponding hydrodynamic problems for a cracked porous stratum, let us
assume (Fig. 1) that there is a hemispherical region Ry =R =R with a permeability k; around a well
with a hemispherical face, Outside this zone R; =R =R, and the permeability of the system of cracks has
the value k,. In contrast to the previous discussion [8], we assume that a constant pressure p, is main-
tained on the surface of the hemisphere R = R, during the whole production process, It is required to de-
termine the fall in pressure at an arbitrary point in the variable-permeability system of cracks in the
cracked porous medium at any instant of operation, This form of presentation enables us to establish
the part played by the skin effect in the part of the well close to the face in changing the indices charac-
terizing working processes in the well (the removal of sand, the silling process, and other features tending
to damage the well) on the basis of numerical calculations.
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In accordance with the theory of filtration of a bomogeneous liquid in cracked porous media [9, 101,
as applied to a centrally symmetrical flow [8], we must now integrate the following systems of differential
equations:

PP 2D g
N k;

1

i dt {1.1)
61172 iR All)“) AX’l})(g) i=1,2
o

subject to the initial conditions

) (1.2
$WE =9 E0=0 i=12 )
and the boundary conditions
P (&7 = 0; )
P (Eer 1y = 9 G O oz W (B D) = Rz W67 (B - (1.4)

Here we have used the notation

i\‘z‘

t, = ByRywi 1=—5; A=i{1—o) 1
R of W’ B“B ( ) 3
1 2
ko= on’i’wk“) ]l(l ), © = jB—ml gt ),
1—w= (1)[)(1) B — m(ii)ﬁ(,x) ' m§°) 5”)'

) e {
W)= ipe — 0V GOk
[1, i=1

ki = (2
\Ulo ]1 2 ,11’), 11‘22, ]: 1,2,

where « is a parameter of the cracked porous medium characterizing the exchange of liquid between the
systems of low-permeability blocks and high-permeability cracks; p, and p(£, 7) are the initial and current
pressures respectively; k is the permeability coefficient; p is the dynamic viscosity of the filtering liquid;
m is the porosity; g is the compressibility of the medium; R is the radial coordinate; t is the time. The
upper indices 1 and 2 in the functions of pressure and the parameters of the stratum, respectively, relate
to the systems of blocks (matrices) and cracks in the medium, and the lower indices relate to the hemis-
pherical regions of the stratum.

Conditions (1.4) signify the constancy of the fall in pressure and the flow velocity in the system of
cracks on the hemisphere R = R, which constitutes the boundary between regions with different degrees
of permeability. Analogous conditions are not specified for the systems of blocks in the medium, since it
is the cracks in the medium which serve as channels, taking the liquid to the well, while the low-permea~
bility blocks of rock simply feed these with liquid as the pressure drops.

Conditions (1.2)-(1.4) must be supplemented by specifying the pressure or output (flow) at the hemi-
spherical surface of the well, We shall now give the solution to the problem for various working conditions
of the wells,

2, Pressure Field of a Cracked, Porous

Stratum for a Specified Well Flow Equal to g (7)

The condition specifying the flow of a well with a hemispherical face for a spherically radial filtra-
tionmay (according to the Darcy filtration law) be written in the form

[ERu?En] = —aw; (2.1)
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If we apply a Laplace trangformation in the time variable to the system
(1.1) (using a transformation parameter s) and eliminate the function

wx(l (¢, 7) from the transformed systems we obtain (subsequently omitting
the index 2):
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After applying the Laplace transformation to the boundary conditions‘(l‘B) and (1.4), these retain their form
with respect to the functions ¥;(¢, s), while condition (2,1) becomes

[BanE),_ =—10.

The solution of the system of equations (2.3) for the boundary conditions indicated takes the form [11]
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In order to transform from the images (2.4) to their originals we must specify the change in the well
flow by means of an analytical expression, Let the well flow diminish in accordance with the law

g(t) =g, exp (—v1) == gy(s+v)—* (2.6)

where q, is the constant well flow before the inflow starts diminishing; ¥ =0 is a dimensionless parameter
defining the rate of diminution,

We see from Egs. (2.5) and (2.6) that the functions ¥;(¢, s), (i =1, 2) are meromorphie, having simple
poles with respect to the argument S(s); they may therefore be expanded into an infinite series with re-
spect to the roots-—pin of the equation
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If we then transform to the original by the second expansion theorem [12] we obtain
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The resultant equation (2.8) is an exact solution of the problem formulated, and describes the change
in pressure taking place at arbitrary points of the inhomogeneously permeable system of cracks in the
cracked porous medium at any instant of time during well operation when the well flow varies in accordance
with the law (2.6). In particular, if we put v = 0, the equation giving the fall in pressure may, on the basis
of Eq. (2.8), be written in the following form for the case q = ¢, = const:
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In view of the linearity of the Laplace transformation the difference between the right-hand sides of
(2.10) and (2.8) will correspond to the law governing the change in well flow, expressed in the form

gty =¢sl1 — exp (—vr) 1.

In order to find an expression for the face pressure we must puti =1, £ =1 in Egs. (2.8) apd (2.10}.
The form of these equations then remains exactly the same, only the function U;(f, py,) transforms into
Uy (1, py).

It may be shown that when w=1, » — « Eq. (2.10) transforms into the well-known solution of the
corresponding problem for a granular medium [4]
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where py, are the roots of the equation
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3. Determination of the Flow from a Well

Working in a Cracked Porous Stratum for a

Specified Face Pressure P, = const

In contrast to condition (2,1) for the normalized fall in pressure,
Yil8 v)=I[py — pi(E, D(pe — po) %, i=1,2
we must now specify a condition in the form

¥i(1, 1)=1. 3.1

The set of conditions (1.3), (1.4), and (3.1) enables us to find a solution to the problem in the Laplace
transform as follows:
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TABLE 1
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3 8708 5519 7633 4631 18232 6194 4897
4 11703 5536 13745 6894 24177 9 456 5793
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Expanding the right-hand side of (3.2) into an infinite series with respect to the roots — pjn of the equation
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we obtain the final solution to the problem in the form

If we putk,
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=1 in Eq. (3.4), for a homogeneous cracked porous stratum we obtain the equation
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and assuming that @, is the term independent of 7 (the free term) in the fime expansion of the function
;bi(g, 7), Eq. (3.4) may be given a form convenient for calculaticn:
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Using the expression for $,(¢, 7) from (3.5) we may determine the well flow in accordance with the
linear Darcy filtration law in the form
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As the particular case in which w= K = 1 we may than derive the corresponding solution for a granular
medium {4], :
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where p, are the roots of Eq. (3.3) for k, =1, i.e.,

.pmzmﬁ(gz —_ 1)‘1.

435



4, Numerical Calculations

In order to carry out numerical calculations (on the basis of the equations derived in the preceding
sections) for the indices representing the working of cracked porous strata, we must know the values of
Sy and Sy 1 relation to the roots —pin of Egs. (2.7) and (3.3). We accordingly calculated the first six

‘roots of Eq. (2.7) and the first eight roots of Eq. (3.3) for a hypothetical layer (stratum) with ¢ = 11 and
ky =1, (Table 1), and on the basis of these calculated the values of s,,,, and s, from Eq. (2.9) for various
values of the parameters wand A of the cracked porous stratum,

For convenience in calculating with Eq, (2.10) it is desirable to replace the time-independent sum
in this equation by the residue of the function (2.4) at s = 0, as justified in the foregoing discussion. Equa-
tion (2.10) then becomes
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The results of our calculations based on Eq. (4.1) with k, = 1 for the face pressure (¢ = 1) are shown
as a set of curves in Fig. 2. The broken curves 1'-5' correspond to cracked porous strata with supply
contour radii of & =100, 10, 5, 3, 2 and parameters w=0,1; » = 0.005. The continuous curves correspond
to granular strata (w=1, A — ») with the same values of the supply contour radius £, ; they are plotted on
the basis of Eq. (2.11) [4]. An analysis of the curves in Fig, 2 shows that stabilization of the fall in the
face pressure of the well in a homogeneously permesble system of cracks in a cracked porous stratum
{k; = 1) occurs much earlier than in the granular stratum for equal distances of the hemispherical supply
contour from the hemispherical surface of the well. The normalized stabilization ;(£, 7) defined by Eq.
(2.2) depends on the radius of the supply contour surface. Analogous conclusions will also hold for cracked
porous strata with inhomogeneously permeable crack system (k; =1). It follows from Eq. (4.1), however,
that in the case when k; =1 stabilization will depend on the ratio of the permeabilities of the mutually super-
posed hemispherical regions k;, as indicated by the nomogram curves of Fig. 3. The continuous lines in
this figure correspond to the value £, = 2 and the broken lines to £, = 5. Curves 1and 3 are plotted for &
10, 4, and curve 2 for &, =10,

In order to discover the role of the parameters w and 2 in the stabilization of the pressure at the
face of a well in a cracked porous stratum with £, = 11, we plotted the curves in Fig. 4 for the following
data: A =0.005;2) w=0.1,A=1;3) w=0,5, A=1;4) w=1, A =, It follows from an analysis of these
curves that, as the parameter of the crack capacity w approaches unity, and as the value of A increases,
curves 1-3, representing the change in the face pressure of a well in a cracked porous stratum, approach
the corresponding curves of a granular stratum, This is due to the fact that for w =1,A — « the actual
systems of eguations (1.1) transform into the ordinary system of piezoconductivity equations.

The curves of Fig. 5 express the time dependence of the pressure drop on the surface of the hemi-
sphere ¢ = 3 in homogeneous (k, = 1) cracked porous (1.2) and granular (3) strata worked with a constant
face pressure and with a supply contour on the hemisphere ¢ =11. The calculations were based on Eq.
(3.5), using the following initial data: 1) w=0.1, A =1; 2) w= 0.5, A =1, Curve 3 was plotted from the
data of an earlier paper [4], using an equation derived from Eq. (3.5), withw=1, k; = 1,

PET =6 - DE G — )+ i CO" sin 88 i exp [— mtn? &, — 1) ).

It follows from the curves of Fig. 5 that the influence of the parameters w and A on the pressure stabiliza-
tion process is analogous to the case in which a constant well flow is specified (Fig. 4). Furthermore, the
curves representing the fall in face pressure in the cracked porous stratum exhibit a point of inflection in
both figures; the position of the inflection varies with the values of the parameters w and A, This behavior
of the curves representing the fall in pressure with time also appears in other forms of liquid flow [14-20].
This indicates that the existence of an inflection point on the time-dependence curve of the drop in face
pressure for wells in cracked porous strata is independent of the geometry of the filtration flow,
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Figure 6 illustrates the change in well flow as a function of time, calculated by means of Eq. (3.6)

for ky = 1, and Eq. (3.7) for strata having a supply contour surface £, = 11. The curves are plotted for the
following initial data: 1) w=0,1,A=1;2) w=05, A =133) w=1, A= ». Analysis of the curves shows that
the well flow in cracked porous strata depends mainly on the elastic capacity of the crack system in the
presence of a hemispherical supply contour,
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